Abstract. The aim of this note is to point out some inaccuracies in our paper [1] and to fix them. Some new notions are introduced and properties of them are investigated.
Introduction and preliminaries
In our paper published recently [1] , it has been pointed out a serios gap in the proof of Lemma 2.13 and Lemma 2.14, which was based on the result obtained in Theorem 1 [2] . But the proof of this theorem turns out to be wrong. This affected some results obtained in the section 2 of our paper. In order to fix this, we have to modify the two lemmas and to provide the correct proof of them. To achieve this, we need to introduce some new notions and to prove some properties of them. Also, independently from us, in [3] the author pointed out this gap.
Let we recall the definition of Γ-semigroups. Let M and Γ be two non-empty sets. Any map from M × Γ × M → M will be called a Γ-multiplication in M and denoted by (·) Γ . The result of this multiplication for a, b ∈ M and α ∈ Γ is denoted by aαb. A Γ-semigroup M is an ordered pair (M, (·) Γ ) where M and Γ are non-empty sets and (·) Γ is a Γ-multiplication on M which satisfies the following property ∀(a, b, c, α, β) ∈ M 3 × Γ 2 , (aαb)βc = aα(bβc).
Other definitions and notions can be found in [1] .
In the following, we introduce the notion of strongly regular, left (right) strongly regular Γ-semigroups and through some examples we show that the class of this kind of Γ-semigroups is not empty. Definition 1.1. A Γ-semigroup M is said to be left (right) strongly regular if for all a ∈ M and γ ∈ Γ, there exists an element u ∈ M such that: a = uγaγa(a = aγaγu). Example 1.3. Let Q be the set of rational numbers and Γ = {−1, 1}. If we define as Γ-multiplication (·) Γ the usual product of rational numbers, then it is clear that (Q, (·) Γ ) is a Γ-semigroup. This Γ-semigroup with zero is a strongly regular Γ-semigroup. Indeed: for every nonzero rational number a and for all γ ∈ Γ, if we take u = 1 aγ 2 , then we have
Example 1.4. Let R be the set of real numbers and Γ a subset of positive real numbers. If we define as Γ-multiplication (·) Γ the usual product of real numbers, then it is clear that (R, (·) Γ ) is a Γ-semigroup and further, it is a strongly regular Γ-semigroup. Indeed: if a = 0, then for all γ ∈ Γ we have 0 = 0·γ ·0·γ ·1 = 1·γ ·0·γ ·0. For a = 0, if we take u = 1 aγ 2 , then we have
Considering the examples above from a common point of view, we can construct a strongly regular Γ-semigroup getting started from an arbitrary group G 0 with zero. Let us take as Γ a subset of G, i.e. all its elements are nonzero. If we define in G 0 as Γ-multiplication (·) Γ the product of the group G 0 , then it is clear that
Further, it is a strongly regular Γ-semigroup. Indeed:
Example 1.5. Let (S, ·) be an arbitrary semigroup which is commutative and regular. For every element a ∈ S, there exists x ∈ S such that:
(1) Thus, the semigroup S is left regular and right regular. Since S is regular, then there exists at least one idempotent element e in S, and so we have the maximal group having e as identity. We denote this group by Γ. If we define in S as Γ-multiplication (·) Γ the multiplication of the semigroup S, then it is clear that (S, (·) Γ ) is a commutative Γ-semigroup. Further, it is a strongly regular Γ-semigroup. Indeed: for all a ∈ S and for all γ ∈ Γ, if we take u = γ −2 a, according to (1), we have
Taking into consideration the definition of left regular semigroup and right regular semigroup, we can give the following equivalent definition for strongly regular Γ-semigroups: (1) M is left strongly regular.
(2) aL(aγa), ∀a ∈ M, ∀γ ∈ Γ.
Proof.
(1) ⇒ (2). Let M be strongly left regular and a ∈ M . If x ∈ (a) l , then we have x = a or x = tαa for some t ∈ M and α ∈ Γ. Since M is strongly regular, a = yγ(aγa) for some y ∈ M and for all γ ∈ Γ. If x = a, then x = a = yγ(aγa) for some y ∈ M and for all γ ∈ Γ. If x = tαa, then x = tαa = tα(yγ(aγa)) = (tαy)γ(aγa) = zγaγa for some z ∈ M and for all γ ∈ Γ.
Hence x ∈ (aγa) l for all γ ∈ Γ, thus (a) l ⊆ (aγa) l , ∀γ ∈ Γ (*). Let now a ∈ M and γ ∈ Γ. If x ∈ (aγa) l , then x = aγa or x = tα(aγa) for some t ∈ M . In any case, x = zγa for some z ∈ M , thus x ∈ (a) l , ∀γ ∈ Γ (**). By (*) and (**) we have (a) l = (aγa) l , ∀a ∈ M, ∀γ ∈ Γ. Thus we have aL(aγa), ∀a ∈ M, ∀γ ∈ Γ.
(2) ⇒ (1). Let a ∈ M . Then for all γ ∈ Γ, we have aL(aγa). Thus we have:
Hence M is left strongly regular.
In a similar way, we can show the following lemma.
The following are equivalent:
(1) M is strongly right regular.
Theorem 1.9. Let M be a left strongly regular Γ-semigroup. The following statements hold:
Proof. We will make the proof only for the L-classes and left simple sub-Γ-semigroups. The proof for the R-classes and right simple sub-Γ-semigroups is similar.
(1). By Lemma 1.7, since M is left strongly regular, for all a ∈ M and for all γ ∈ Γ, we have aL(aγa). Let aLb, so b ∈ L a . Since L is a right congruence, then aLb implies aγaLbγa for all γ ∈ Γ. Thus, since aL(aγa) for all γ ∈ Γ and L is an equivalence relation, we have bγaLa. So, bγa ∈ L a for all γ ∈ Γ, and therefore L a is a sub-Γ-semigroup of M . Let us prove now that for all a ∈ M , the sub-Γ-semigroup L a is left simple. We have to prove that for all b ∈ L a , there exist c ∈ L a and γ ∈ Γ such that b = cγa. Since L a is a sub-Γ-semigroup of M , for all γ ∈ Γ, bγa ∈ L a . That is, there exists x ∈ M and γ 1 ∈ Γ, such that b = xγ 1 bγa. Denote c = xγ 1 b and so we have (c) l ⊆ (b) l . Since M is a left strongly regular Γ-semigroup, for the element x ∈ M and γ 1 ∈ Γ, there exists y ∈ M such that x = yγ 1 xγ 1 x. Thus we have:
(2). It is an immediate corollary of (1), since the L-classes are disjoint and their union is equal to M .
We know that for the plain semigroups, each of the above proposition (1), (2) implies the semigroup is left (right) regular. We have our doubts about the case of Γ-semigroups. Thus the following problem arises: Problem 1. What can we say about the converse of the above theorem? If it is not true, can we find counterexamples showing that each of the proposition (1) or (2) Proof.
(1) ⇒ (2). Let us assume that (1) holds. For every element a ∈ M , there exists a Γ-group G of the union such that a ∈ G. Then, for every γ ∈ Γ, aγa ∈ G γ = (G, γ) and therefore, there exist an element u ∈ G such that a = uγaγa. Thus, M is a right strongly regular Γ-semigroup. In similar way, it can be shown that M is a left strongly regular Γ-semigroup. Hence, M is a strongly regular Γ-semigroup.
(2) ⇒ (3). Let us assume that M is a strongly regular Γ-semigroup. Thus, for every a ∈ M and γ ∈ Γ, there exist u 1 , u 2 ∈ M such that a = aγaγu 1 = u 2 γaγa. This implies that aH(aγa). By the Green's Theorem for Γ-semigroup [1, Theorem 2.2], the H-class H a is a Γ-group.
(3) ⇒ (4). Let us assume that (3) holds. For every element a ∈ M , the H-class H a is a Γ-group. Since H is an equivalence relation, we have
(4) ⇒ (1). It is obvious.
By the Theorem 1.10 it follows that every strongly regular Γ-semigroup M is regular. Indeed: for every element a ∈ M , there exists a Γ-group G such that a ∈ G and so we have a ∈ aΓGΓa ⊆ aΓM Γa.
The converse is not true in general, as we know from the algebraic theory of semigroups, there are regular semigroups which are not union of groups and therefore, by Theorem 1.10, they are not strongly regular Γ-semigroups. These arguments justify to some extent the term strongly regular Γ-semigroup.
If M is a strongly regular Γ-semigroup with zero, 0, then H-class of the element zero contains only the zero element, while every other class of a nonzero representative, does not contain the zero element. But at the same time, it is a Γ-group with zero the element 0. Thus, every Γ-semigroup with zero is a union of Γ-groups with zero.
Let M be a strongly regular Γ-semigroup without zero and a be an arbitrary element of M . Since M is a union of Γ-groups, there exists a Γ-group G of this union containing a. Then for every γ 1 ∈ Γ, we have a, aγ 1 a ∈ G γ2 , where γ 2 is an arbitrary element of Γ. Therefore, there are u, u 1 , u 2 ∈ M such that a = u 1 γ 1 aγ 2 a = aγ 2 aγ 1 u 2 .
(*) Conversely, it is obvious that, if for every a ∈ M and for every γ 1 , γ 2 ∈ Γ, there exist u 1 , u 2 ∈ M such that (*) holds, then M is a strongly regular Γ-semigroup.
Thus, we may give the following new equivalent definition. Definition 1.11. A Γ-semigroup M is said to be strongly regular if
According to the Definition 1.6, a Γ-semigroup M is strongly regular when for every γ ∈ Γ, the semigroup M γ = (M, γ) is left regular and right regular. A natural question is posed: The same as for Γ-groups, if for an element γ ∈ Γ, the semigroup (M, γ) is left regular and right regular, is the semigroup (M, γ) a left regular and right regular semigroup for every γ ∈ Γ? Thus the following problems arise:
Problem 2. If M is a Γ-semigroup such that for an element γ ∈ Γ, the semigroup (M, γ) is a left and a right regular semigroup, is M a strongly regular Γ-semigroup? Problem 3. If M is a regular and right (left) strongly regular Γ-semigroup, is it a strongly regular Γ-semigroup?
2
0 -strongly regularity
In this section, we introduce the definition of (m, n) 0 -strongly regularity in Γ-semigroups in general and that of 2 0 -strongly regular in particular. We will say that M is (m, n) 0 -strongly regular whenever M ∈ s(m, n) 0 and that M is n 0 -strongly regular when M ∈ s(n, n) 0 .
It is clear that (m, n) ⊆ (m, n) 0 . Indeed, if M is a Γ-semigroup with no nilpotent elements (other than perhaps 0) we have M ∈ s(m, n) if and only if M ∈ s(m, n) 0 .
As an extension and generalization of Croisot's (2,2)-regular semigroup, we give the following definition. Definition 2.2. A Γ-semigroup M with 0 is said to be 2 0 -strongly regular whenever for each x ∈ M either xγx = 0 for some γ ∈ Γ or x ∈ xγxγM γxγx for all γ ∈ Γ.
It is clear that the 2 0 -strongly regular Γ-semigroups are 2 0 -regular. It is also clear that the Γ-semigroups M such that M ∈ (1, 1) are regular Γ-semigroups. For analogy, we have:
, that is, for all x ∈ M and α ∈ Γ, there exists u ∈ M , such that x = uαxαx. Definition 2.4. A right strongly regular Γ-semigroup is a Γ-semigroup M such that M ∈ s(2, 0), that is, for all x ∈ M and α ∈ Γ, there exists u ∈ M such that x = xαxαu.
Using all above, we fix now all the inaccuracies occured mainly in section 2 [1] . The Lemma 2.13 [1] has to be stated in the form of Lemma 1.7. The Lemma 2.14 [1] has to be stated in the form of Lemma 1.8. The Theorem 2.15 [1] has to be stated in the following form: 
Proof. It follows easily from Theorem 2.15.
The Proposition 2.17 [1] has to be stated in the following form:
Proof. See Theorem 2.15.
The Definition 2.18 [1] has to be stated in the following form: Proof. Assume M is 2 0 -strongly regular, that is M ∈ s(2, 2). Let x ∈ M and γ ∈ Γ. Let us suppose that xγx = 0. By Corollary 2.16 and Theorem 2.15 it follows that M is a left and right strongly regular Γ-semigroup. By Lemmas 1.7 and 1.8 it follows that xH(xγx), that is xγx ∈ H x .
Conversely, suppose that for all x ∈ M and γ ∈ Γ, xγx = 0 or xγx ∈ H x . In the former case the first part of Definition 2.2 is satisfied; in the later case by the Theorem 2.2, H x is subgroup of M γ and so, the equation x = xγxγuγxγx is the solvable for u in H x . Thus in either case M is 2 0 -strongly regular. The Theorem 2.25 [1] has to be stated in the following form: Theorem 2.25 Let M be a regular Γ-semigroup with 0. Then the following are equivalent:
(1) M is 2 0 -strongly regular. The Proposition 3.7 [1] has to be stated in the following form: Proposition 3.7 If M is a Γ-semigroup with 0 such that each H-class union {0} is a quasi-ideal, then M is 2 0 -strongly regular.
Proof. Let x ∈ M and let H = H 0 x . Then HΓH ⊆ M ΓH ∩ HΓM ⊆ H since H is a quasi-ideal. Thus either xγx = 0 for some γ ∈ Γ or xγx ∈ H for all γ ∈ Γ. It follows from Theorem 2.22 that M is 2 0 -strongly regular.
The Theorem 4.5 [1] has to be stated in the following form: Theorem 4.5 A Γ-semigroup M with 0 is absorbent if and only if it is 2 0 -strongly regular and the collection of its D-classes union {0} is mutually annihilating.
Proof. See the proof in [1] replacing 2 0 -regular with 2 0 -strongly regular.
